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MATHEMATICAL ANALYSIS OF INERTIAL WAVES IN
RECTANGULAR BASINS WITH ONE SLOPING BOUNDARY
S.D. TROITSKAYA
Abstract. Here we consider the problem of small oscillations of a rotating inviscid
incompressible fluid.
From a mathematical point of view, new exact solutions to the two-dimensional
Poincare´-Sobolev equation in a class of domains including trapezoid are found in an
explicit form and their main properties are described. These solutions correspond to the
absolutely continuous spectrum of a linear operator that is associated with this system
of equations.
For specialists in Astrophysics and Geophysics the existence of these solutions sig-
nifies the existence of some previously unknown type of inertial waves corresponding
to the continuous spectrum of inertial oscillations. A fundamental distinction between
monochromatic inertial waves and waves of the new type is shown: usual characteristics
(frequency, amplitude, wave vector, dispersion relation, direction of energy propagation,
and so on) are not applicable to the last. Main properties of these waves are described.
In particular it is proved that they are progressive. Main features of their energy transfer
are described. The existence of such inertial waves enables us to explain in a new way a
lot of experimental data that were obtained in Geophysics in the past two decades and
to predict the occurrence of such oscillations in natural waters.
1. Introduction
The paper was inspired by numerous articles in Geophysics and Astrophysics of the
past two decades which are devoted to the phenomenon of the kinetic energy localization
of internal waves in rotating fluids, in stratified fluids, in rotating stratified fluids, i.e. of
the phenomenon of emergence of so-called wave attractors (see, e.g., [23, 32, 35, 15, 36,
14, 9, 13, 8, 33]). Here we will describe briefly the situation by the example of rotating
fluids.
The motion of an ideal incompressible fluid contained in a region G, which rotates with
constant velocity about the axis k, is governed by the equations:
(1) Ut + εU · ∇U+ 2k×U = −∇p in G,
∇ ·U = 0 in G,(
U · n)∣∣
∂G
= 0.
HereU = (u, v, w) is the velocity field in the rotating coordinate system rigidly connected
to the container G, p is the hydrodynamic pressure, n is the unit outward normal to the
boundary ∂G and ε is constant (Rossby number) (see [11]). The linearization of (1) in
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a neighborhood of the solution corresponding to the rotation of the fluid as a rigid body
reduces the previous system to
(2) Ut + 2k×U = −∇p in G,
(3) ∇ ·U = 0 in G,
(4)
(
U · n)∣∣
∂G
= 0.
SolutionsU to this system are called inertial waves. If a solution has the form e−iµtU(x, y, z),
then it is called an inertial mode with the natural frequency µ. The study of this problem
was initiated by H. Poincare´ in [30], and then continued by many authors.
Below without lost of generality we may take k = (0, 0, 1
2
).
It is known that properties of solutions of (2–4) strongly depend on the shape of the
container G. According to numerous papers, one of containers where the phenomenon of
the energy localization of the inertial waves can take place, is a cylindrical tank which
is highly elongated in the direction Oy and is such that its linear dimensions are small
in comparison with its distance from the axis of rotation. So it is reasonable to assume
that G is an infinitely long cylinder: G = {(x, y, z)|(x, z) ∈ D, y ∈ R}, and that the
components of the velocity U = (u, v, w) and the pressure p depend only on time t and
two spatial variables x and z (see [3]1). Therefore, the considered initial-boundary value
problem has the form:
(5)
∂u
∂t
= v − ∂p
∂x
,
∂v
∂t
= −u, ∂w
∂t
= −∂p
∂z
, (x, z) ∈ D,
(6)
∂u
∂x
+
∂w
∂z
= 0 in D,
(7)
(
un1 + wn3
)∣∣
∂D
= 0,
(8) u|t=0 = u0, v|t=0 = v0, w|t=0 = w0,
where n = (n1, n3) is the unit outward normal to ∂D in the plane Oxz.
It is known that in this case the stream function ψ corresponding to (5–8) exists and
ψ is a solution to the following initial boundary value problem:
(9)
∂2
∂t2
(
∂2ψ
∂x2
+
∂2ψ
∂z2
)
+
∂2ψ
∂z2
= 0, 2 (x, z; t) ∈ D × (0,∞),
(10) ψ|∂D×(0,∞) = 0,
(11) ψ|t=0 = ψ0, ψt|t=0 = ψ1, (ψ0|∂D = 0, ψ1|∂D = 0).
Papers of many authors are devoted to the study of this problem, however, all the studies
are far from being complete. Until now exact solutions in an explicit form have been found
for a very small number of configurations. One of the reasons for this situation is that the
problem of finding inertial modes for this system leads to the problem of the existence of
1 It was shown in [29] that the study of this two-dimensional problem is very important for predicting
properties of solutions of the three-dimensional problem (2–4) in cylindrical domains with finite lengths.
2The equation (9) is often called the (two-dimensional) Poincare´-Sobolev equation.
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nontrivial solutions to the Dirichlet problem for the string oscillation equation which is
known for its complexity:
(12)
∂2ψ
∂x2
− 1
a2
∂2ψ
∂z2
= 0, (x, z) ∈ D, a2 = λ
1− λ, λ ∈ (0, 1),
(13) ψ|∂D = 0.
It is known that for an arbitrary solution of (2–4), the law of conservation of kinetic
energy holds (see, for example, [20]). For solutions of (5–8) it takes the following form:
(14) E(t, D) :=
∫
D
(|u|2 + |v|2 + |w|2) dxdz = const.
The problem that was considered in the cited papers, is that for some domains D, there
exist some points or lines (wave attractors) in D = D∪∂D, such that in the course of time
a certain quantity K > 0 of the kinetic energy of the inertial waves concentrates within
arbitrarily small neighborhoods of these points (or lines). In general this phenomenon
has a destructive nature. An analogous problem arises in stratified fluids and in stratified
rotating fluids, and it is not surprising because it is well-known that the equations that
describe internal waves in such fluids, in many aspects are similar to the above equations
for inertial waves (see, for example, [22, 7]).
If D is a rectangle or an ellipse whose axes of symmetry are parallel to the coordinate
axes then (5–8) possess a full system of eigenmodes and all inertial waves are almost
periodic functions in time [1, 2, 5]. Thus wave attractors can not occur in these domains.
For the first time the existence of some special types of oscillations was noted in geo-
physical papers [12, 42, 43]. In particular, in [42, 43] the author described an experiment
that proved the possibility of the energy localization of the stratified fluid in a cylindrical
tank having the described above configuration with some right triangle as a cross-section
D. In [38, 39, 40] the existence of such oscillations in a rotating fluid has been math-
ematically proved: namely, for such right triangles some class of exact solutions to the
problem (5–7) was found in an explicit form, and it was proved that these oscillations are
such that in the course of time, the energy of the initial state of the fluid turns out to
be almost completely concentrated in arbitrarily small neighborhoods of the vertices of
the triangle. Thus, according to the current terminology in Geophysics and Astrophysics,
these vertices may be called point wave attractors.
Many theoretical and experimental geophysical papers appeared in the past two decades
which claim that an area where a wave attractor may occur in a rotating fluid or in a
stably stratified fluid, is a cylindrical tank with the trapezoidal cross-section of the form
(15) D = {(x, z) : −1 < z < 0, −1 < x < z + 1}.
This tank is usually called a“rectangular basin with one sloping boundary”. Here the
concrete linear dimensions of D are not important, but it is important that D is a non-
isosceles trapezoid whose base is parallel to the axis Ox.
Below (unless otherwise specified) we consider namely this domain D.
It is easy to establish that for each λ ∈ (1
2
, 4
5
) there exists a unique parallelogram P (λ),
inscribed inD in such a way that its sides are parallel to characteristics of (12) (see Figure
1a).). Denote by S(λ) the boundary of P (λ). In [27] it was obtained experimentally, that
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under certain perturbations of the uniform rotation, the motion of the fluid particles in
the rotating coordinate system is intensive only in small neighborhoods of S(λ) (where
S(λ) corresponds to some value λ of the considered interval) and that in other areas of
the trapezoid the motion of particles is practically absent (see Figure 1a).). An analogous
result for stratified fluids was obtained in [23].
Figure 1. a). For λ ∈ (1
2
, 4
5
), a unique parallelogram P (λ) can be con-
structed such that it is inscribed in D and its sides are parallel to the
straight lines of the type x+ az = C1, x− az = C2, where a =
√
λ
1−λ .
b). For 1/2 < λ∗ < λ∗∗ < 4/5, S(λ∗) and S(λ∗∗) divide D into subdomains
Di, i = 1, 2, .., 13.
These facts as well as a preliminary study of the problem by the “rays method” led the
researchers to assume that there are solutions of the problem (9–11) localizing their energy
in an arbitrarily small neighborhood of S(λ) in process of time; i.e., that S(λ) is a wave
attractor (see, e.g., [23, 24, 35, 27, 28, 25, 15, 17, 36, 9, 10, 8, 13, 14, 21, 19, 26, 16, 18, 33]).
In the present paper, exact solutions to the problem (9–11) were found in an explicit
form for a class of domains including trapezoid D. The construction of the solutions corre-
sponds to Sobolev’s ideas of investigating of this problem and is based on the construction
of piecewise constant functions which satisfy (12) and (13) in a generalized sense3. The
explicit form of the solutions of (9–11) makes it possible to construct some special previ-
ously unknown type of inertial waves and to investigate their properties. These waves are
not inertial modes: they correspond to the continuous spectrum of inertial oscillations.
Main properties of these waves are described. These waves are progressive; the main fea-
tures of their energy transfer are described. The existence of these solutions casts doubt
on the existence of non-point wave attractors in the tank described above.
The results of the paper were partially announced in [41].
2. Exact Solutions
Denote by H10 (D) the subspace of the Sobolev space H
1(D) (see, for example, [20], p.
34) consisting of functions vanishing on the boundary ∂D, with the inner product
(16) (f, g)1 =
∫∫
D
(∇f,∇g) dx dz.
3 For the first time, similar piecewise solutions of (12-13) were used by R. A. Alexandryan when
studying the problem (9–11) for some special class of domains [1].
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On the interval (0,+∞), consider functions ψ(x, z; t) with values in H10 (D) such that
ψt, ψtt belong to H
1
0 (D) (by the derivative ψt, we mean the limit of ∆ψ/∆t as ∆t → 0
in H10 (D)–norm). Suppose ψ0, ψ1 belong to H
1
0 (D). As usual, ψ(x, z; t) is called a
generalized solution to (9–11) if it satisfies (11), and for any smooth compactly supported
in D function ϕ, the equality
(17)
∫
D
(ψttxϕx + ψttzϕz + ψzϕz)dxdz = 0
holds for all t > 0. It is proved in [20, 31, 34] that just these solutions are physically
meaningful. If a generalized solution ψ is sufficiently smooth, then it is a classical solution.
Consider the operator A0 : H
1
0 (D) → H10 (D) defined on smooth compactly supported
in D functions as the solution to the problem
(18) ∆A0h = hzz, A0h
∣∣
∂D
= 0,
and its graph closure A : H10 (D)→ H10 (D). It is well known that regardless of the shape
of D the operator A is a bounded self-adjoint operator and the spectrum of A is [0, 1]
(see, e.g., [31]). Using A the problem (9-11) may be written in the form:
(19) ψtt = −Aψ, ψ|t=0 = ψ0, ψt|t=0 = ψ1.
It is easy to calculate that the equations of the sides z = zi(x, λ) of S(λ) are:
CA : z = 1 +
x
a
+
1
a
− a, AB : z = 1− x
a
− 1
a
− a,
BD : z =
x
a
+
1
a
+ a− 3, DC : z = −x
a
− 1
a
+ a− 1,
where a =
√
λ
1−λ , λ ∈ (12 , 45) (see Figure 1a)).
Denote by C1[c, d] the class of functions that are continuous together with their first
derivatives on an interval [c, d].
Theorem 2.1. For each λ ∈ (1
2
, 4
5
), define the function
(20) χ(x, z, λ) :=
{
1, (x, z) ∈ P (λ),
0, (x, z) ∈ D \ P (λ).
Then for any λ∗, λ∗∗ satisfying the condition
(21)
1
2
< λ∗ < λ∗∗ <
4
5
and for any σ(λ) ∈ C1[1
2
, 4
5
] 4, the function
(22) Υ(x, z; σ;λ∗, λ∗∗) :=
λ∗∗∫
λ∗
σ(µ)χ(x, z, µ)dµ
belongs to H10 (D).
4Of course, this condition can be weakened.
6 S.D. TROITSKAYA
Proof. Define the functions λi(x, y), i = 1, 2, 3, 4, by the formulas:
(23) λ1(x, z) :=
(z − 1)2 + 2x2 + 6x+ 4 + (1− z)√(z − 1)2 + 4(x+ 1)
2((z − 1)2 + (x+ 2)2) ,
(24) λ2(x, z) :=
(z − 1)2 + 2x2 + 2x+ (1− z)√(z − 1)2 − 4(x+ 1)
2((z − 1)2 + x2) ,
(25) λ3(x, z) :=
(z + 3)2 + 2x2 + 2x+ (z + 3)
√
(z + 3)2 − 4(x+ 1)
2((z + 3)2 + x2)
,
(26) λ4(x, z) :=
(z + 1)2 + 2x2 + 6x+ 4 + (1 + z)
√
(z + 1)2 + 4(x+ 1)
2((z + 1)2 + (x+ 2)2)
.
One can verify that zi(x, λi(x, z)) ≡ z, i = 1, 2, 3, 4.
Under the condition (21) the parallelograms S(λ∗), S(λ∗∗) decompose D into subdo-
mains Di, i = 1, 2, ... 13 (see Figure 1b)). If
G(λ) :=
∫ λ
1
2
σ(µ) dµ
is the primitive function, then Υ(x, z; σ;λ∗, λ∗∗) coincides with the function shown at
Figure 2. It is easy to proof that under the condition (21) Υ(x, z; σ;λ∗, λ∗∗) is continuous
Figure 2. The piecewise presentation of the function Υ(x, z; σ;λ∗, λ∗∗).
and piecewise smooth in the closure D. And it is obvious that Υ(x, z; σ;λ∗, λ∗∗) vanishes
on the boundary ∂D. 
Unless otherwise specified, below we assume (21) to be fulfilled.
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Theorem 2.2. Suppose that in (9–11)
ψ0(x, z) :=
λ∗∗∫
λ∗
σ0(λ)χ(x, z;λ) dλ, ψ1(x, z) :=
λ∗∗∫
λ∗
σ1(λ)χ(x, z;λ) dλ,
where the functions σi(λ) ∈ C1
[
1
2
, 4
5
]
, i = 1, 2. Then the function
ψ(x, z; t) :=
λ∗∗∫
λ∗
cos(
√
λ t) σ0(λ)χ(x, z;λ) dλ
(27) +
λ∗∗∫
λ∗
sin(
√
λ t)√
λ
σ1(λ)χ(x, z;λ) dλ,
is a solution to (9–11).
Proof. For simplicity assume σ1 ≡ 0. For any smooth function ϕ which is compactly
supported in D, we have∫
D
(ψttxϕx + ψttzϕz + ψzϕz)dxdz =
∫
D

ϕx

 λ∗∗∫
λ∗
cos(
√
λ t) σ0(λ)χ(x, z;λ) dλ


ttx
+ϕz

 λ∗∗∫
λ∗
cos(
√
λ t) σ0(λ)χ(x, z;λ) dλ


ttz
+ ϕz

 λ∗∗∫
λ∗
cos(
√
λ t) σ0(λ)χ(x, z;λ) dλ


z

 dxdz =
= −
∫
D

ϕx

 λ∗∗∫
λ∗
cos(
√
λ t)λ σ0(λ)χ(x, z;λ) dλ


x
+ϕz

 λ∗∗∫
λ∗
cos(
√
λ t)λ σ0(λ)χ(x, z;λ) dλ


z
− ϕz

 λ∗∗∫
λ∗
cos(
√
λ t) σ0(λ)χ(x, z;λ) dλ


z

 dxdz =
=
∫
D

ϕxx
λ∗∗∫
λ∗
cos(
√
λ t)λ σ0(λ)χ(x, z;λ) dλ
+ϕzz
λ∗∗∫
λ∗
cos(
√
λ t)λ σ0(λ)χ(x, z;λ) dλ
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− ϕzz
λ∗∗∫
λ∗
cos(
√
λ t) σ0(λ)χ(x, z;λ) dλ

 dxdz =
=
∫
D

 λ∗∗∫
λ∗
[λϕxx + λϕzz − ϕzz] cos(
√
λ t) σ0(λ)χ(x, z;λ) dλ

dxdz =
=
λ∗∗∫
λ∗

∫
D
[λϕxx − (1− λ)ϕzz] cos(
√
λ t) σ0(λ)χ(x, z;λ) dxdz

 dλ =
=
λ∗∗∫
λ∗

 ∫
P (λ)
[λϕxx − (1− λ)ϕzz] cos(
√
λ t) σ0(λ) dxdz

 dλ.
Consider the inner integral. Fix λ and apply Green’s formula:∫
P (λ)
[λϕxx − (1− λ)ϕzz] cos(
√
λ t) σ0(λ) dxdz =
= −
∫
S(λ)
cos(
√
λ t) σ0(λ) [λϕx cos γ1 − (1− λ)ϕz cos γ2] dS(λ),
where S(λ) is oriented counterclockwise. We have (see Fig. 1 a):∫
S(λ)
cos(
√
λ t) σ0(λ) [λϕxdz + (1− λ)ϕzdx] =
=
∫
CA
cos(
√
λ t) σ0(λ) [λϕxdz + (1− λ)ϕzdx] +
∫
AB
...+
∫
BD
... +
∫
DC
...
Consider the integral over the segment CA. Denote by ϕ˜ := ϕ|CA. As dz = a−1dx on the
segment CA, it is easy to conclude that∫
CA
cos(
√
λ t) σ0(λ) [λϕxdz + (1− λ)ϕzdx] =
=
∫
CA
λ cos(
√
λ t) σ0(λ)
[
ϕxdz +
1
a2
ϕzdx
]
=
=
A∫
C
λ cos(
√
λ t) σ0(λ)
[
ϕx
1
a
dx+
1
a2
ϕz dx
]
=
λ
a
cos(
√
λ t) σ0(λ)
A∫
C
dϕ˜
dx
dx =
=
λ
a
cos(
√
λ t) σ0(λ) [ϕ˜|A − ϕ˜|C ] = 0.
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The other parts of the boundary S(λ) can be considered similarly. So we obtain∫
D
(ψttxϕx + ψttzϕz + ψzϕz)dxdz = 0.

Corollary 2.3. Consider the primitive function
(28) F (λ, t) :=
λ∫
λ∗
(
σ0(µ) cos(
√
µ t) + σ1(µ)
sin(
√
µ t)√
µ
)
dµ.
Then the function ψ(x, z, t;λ∗, λ∗∗) defined at Figure 3 is a solution to (9–10) in D.
Figure 3. The piecewise presentation of ψ(x, z, t;λ∗, λ∗∗).
Example 2.4. The function ψ(x, z, t;λ∗, λ∗∗) presented at Figure 4 is a solution to the
problem (9–11) in D. This follows immediately from Theorem 2.2 and Corollary 2.3 with
σ0 =
1
2
√
λ
and σ1 ≡ 0.
It is clear that varying λ∗, λ∗∗, and σi, we get inertial waves with very different prop-
erties. Choosing appropriate functions σi it is possible to construct arbitrarily smooth
solutions of this type.
Example 2.5. If
F (λ, t) =
sin(
√
λ(c− t)− d)
2(c− t) +
sin(
√
λ(c+ t)− d)
2(c+ t)
+
sin
√
λ t
t
and
F1(λ) =
sin(c
√
λ− d)
c
+
√
λ,
where
c =
2pi√
λ∗∗ −
√
λ∗
, d =
pi(
√
λ∗∗ +
√
λ∗)√
λ∗∗ −
√
λ∗
,
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Figure 4. a) The function ψ0(x, z) belongs to H
1
0 (D). b) The solution
ψ(x, z, t;λ∗, λ∗∗) of (9–11) corresponding to ψ0(x, z) and ψ1 ≡ 0.
then the function ψ(x, z, t;λ∗, λ∗∗) defined at Figure 3, is a classical solution to the problem
(9 — 11) in D, where ψ0 is given at Figure 5, and ψ1 ≡ 0. One can prove this by a
Figure 5. The initial state of the classical solution ψ(x, z, t;λ∗, λ∗∗).
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direct calculation, but it follows from the fact that in this case σ1 ≡ 0 and the support of
σ0 lies within the interval [λ∗, λ∗∗]:
(29) σ0 =


0, for λ ≤ λ∗,
1
2
√
λ
(
cos
(
2pi
√
λ√
λ∗∗−
√
λ∗
− pi(
√
λ∗∗+
√
λ∗)√
λ∗∗−
√
λ∗
)
+ 1
)
, for λ∗ < λ ≤ λ∗∗,
0, for λ∗∗ < λ.
Now using the obtained stream function ψ we can reconstruct the corresponding class
of inertial waves U (the solutions to (5–8)). This procedure is commonly known. The
components u and w can be found directly from the equations that determine the stream
function:
u = −∂ψ
∂z
, w =
∂ψ
∂x
.
According to the second equation in (5) for the component v we have
(30) v =
∫ t
0
∂ψ
∂z
(x, z, τ ;λ∗, λ∗∗) dτ + v0(x, z),
where v0(x, z) is a solution of the equation
(31)
∂v0
∂z
= −∆ψ1(x, z).
It is clear that (31) determines v0(x, z) only up to an arbitrary function v∗(x) (of course,
we are interested in the case v ∈ L2(D)). The function p(x, z, t) can be found from the
system of equations
(32)
∂p
∂x
=
∫ t
0
∂ψ
∂z
(x, z; s) ds+
∂
∂t
∂ψ
∂z
(x, z; t) + v0(x, z),
(33)
∂p
∂z
= − ∂
∂t
∂ψ
∂x
(x, z; t).
Respectively p(x, z, t) is determined up to the function p∗(x) =
∫
v∗(x)dx. The functions
U∗ = (0, v∗(x), 0), p∗(x) =
∫
v∗(x)dx
are the stationary solutions of (5–8) (see [6]).
It is obviously that the conventional characteristics (frequency, amplitude, wave vector
dispersion relation, the direction of propagation of energy, and so on) can not be applied
to the new found class of inertial waves.
In the next sections in order to emphasize main features of the new type of inertial
waves we consider the case ψ1 ≡ 0 and v0 ≡ 0. Thus these inertial waves are U =
U(x, z, t;λ∗, λ∗∗) = (u, v, w), where
(34) u = −∂ψ
∂z
, v =
t∫
0
∂ψ
∂z
(x, z; s) ds, w =
∂ψ
∂x
, u, v, w ∈ L2(D),
and ψ = ψ(x, z, t;λ∗, λ∗∗) corresponds to the case σ1 ≡ 0.
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3. Geometric properties of solutions ψ(x, z, t;λ∗, λ∗∗) and U(x, z, t;λ∗, λ∗∗)
Theorem 3.1. U(x, z, t;λ∗, λ∗∗) ≡ 0 in the domains Di, i = 9− 13 (see Figure 1b)).
Proof. In the domains Di, i = 10− 13 the function ψ ≡ 0 according to the construction.
In D9 the function ψ does not depend on spatial variables, hence U(x, z, t;λ∗, λ∗∗) ≡ 0 in
it too. 
Remark 3.2. It is easy to conclude that if λ∗ and λ∗∗ tend to their extreme values, i.e.,
λ∗ → 12 and λ∗∗ → 45 , then the oscillations affect almost the entire region D (see Fig. 6
a)). But if λ∗ and λ∗∗ are close to each other and tend to some value
1
2
< λ∗∗∗ <
4
5
, then
the region, where the oscillations take place, “tends to form the parallelogram S(λ∗∗∗)”.
The rest of the fluid is not exposed to these oscillations (see Figure 6b)).
Figure 6. The comparison of areas affected by the fluid oscillations.
a) If λ∗ → 12 and λ∗∗ → 45 respectively, then the oscillations affect almost
the entire domain D.
b) If λ∗ and λ∗∗ are close to each other and tend to each other, then the
region, where the oscillations of the fluid take place, tends to form a paral-
lelogram (compare with Figure 3, where the values λ∗ = 0.65 and λ∗∗ = 0.7
are taken).
Remark 3.3. The construction of the solutions ψ(x, z, t;λ∗, λ∗∗) and U(x, z, t;λ∗, λ∗∗)
makes it obvious that the oscillations of this type exist not only in the trapezoid D, but
in some rather wide class of domains. Namely, if for some fixed values λ∗ and λ∗∗, we
arbitrarily vary the boundary ∂D in those its parts which are adjacent to areas where
ψ(x, z, t) ≡ 0, then the function U(x, z, t;λ∗, λ∗∗) will be a solution to (5–7) in the new
domain too (see Figure 7).
This extension of the class of domains is important, because natural waters have various
configurations. The geometric properties described above mean that when the oscillations
of this type occur, the entire volume of the water is divided into areas of very intense
oscillations and areas of complete rest. Probably, the latter phenomenon is the cause
of the “strange behavior” of fish in the ocean, when a shoal is swimming in a certain
direction and then turns suddenly, as if it was faced with the invisible flat wall: most
likely, a zone of intense oscillations begins behind this “wall”.
Remark 3.4. In Remark 3.3 it is shown how one can construct domains where the
inertial waves of this type may occur, on the base of D. Of course, the trapezoid D is not
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a distinguished domain: there are a lot of such domains. A complete description of their
configurations is difficult and lays beyond the scope of this article.
Figure 7. Some other possible configurations D where this type of inertial
waves can occur.
Theorem 3.5. Suppose that µ∗ < µ∗∗, µ∗, µ∗∗ ∈ (12 , 45), (µ∗, µ∗∗) ∩ (λ∗, λ∗∗) = ∅ and
ψ˜(x, z, t;µ∗, µ∗∗) is a solution of the considered type (27) with some functions σ˜i(λ) ∈
C1
[
1
2
, 4
5
]
, i = 1, 2. 5 Then the equality
(ψ(x, z, t;λ∗, λ∗∗), ψ˜(x, z, t;µ∗, µ∗∗))1 =
(35) =
∫
D
(
∇ψ(x, z, t;λ∗, λ∗∗),∇ψ˜(x, z, t;µ∗, µ∗∗)
)
dxdz = 0
is true for all t > 0. 6
Proof. On the interval (1
2
, 4
5
) for an arbitrary function σ(λ) ∈ C1[1
2
, 4
5
], define the function
Ψ(λ) with values in H10(D):
(36) Ψ(λ) = Ψ(x, z; σ;λ) :=


0, for λ ≤ λ∗,
λ∫
λ∗
σ(µ)χ(x, z;µ)dµ, for λ∗ < λ ≤ λ∗∗,
λ∗∗∫
λ∗
σ(µ)χ(x, z;µ)dµ, for λ∗∗ < λ,
where 0 stands for the zero element of H10 (D). Consider the function
(37) Ξ := A (Ψ(ν2)−Ψ(ν1))−
ν2∫
ν1
λ dΨ(λ),
where the operator A is defined in Sec. 1, and ν1, ν2 are arbitrary in (
1
2
, 4
5
). For λ∗ ≤
ν1 ≤ ν2 ≤ λ∗∗, we have:
Ξ = A
ν2∫
ν1
σ(λ) χ(x, z;λ) dλ−
ν2∫
ν1
λ σ(λ) χ(x, z;λ) dλ.
5In this theorem we do not need the restriction σ1 ≡ 0.
6This property is analogous to the orthogonality properties of the inertial modes which correspond to
distinct frequencies (see [11], p. 52).
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We prove now that Ξ = 0. This is equivalent to prove that∫
D

 ∂
2
∂z2
ν2∫
ν1
σ(λ) χ(x, z;λ) dλ −∆
ν2∫
ν1
λ σ(λ) χ(x, z;λ) dλ

 · ϕdxdz = 0,
where ϕ is an arbitrary smooth function compactly supported in D (the last statement
means that ∆Ξ is zero element in the space H−1(D), see, e.g., [20]). We have:
∫
D

 ∂
2
∂z2
ν2∫
ν1
σ(λ) χ(x, z;λ) dλ −∆
ν2∫
ν1
λ σ(λ) χ(x, z;λ) dλ

 · ϕdxdz =
=
∫
D


ν2∫
ν1
σ(λ) χ(x, z;λ) dλ · ∂
2ϕ
∂z2
−
ν2∫
ν1
λ σ(λ) χ(x, z;λ) dλ ·∆ϕ

 dxdz =
=
∫
D
ν2∫
ν1
{
σ(λ) χ(x, z;λ) · ∂
2ϕ
∂z2
− λ σ(λ) χ(x, z;λ) ·∆ϕ
}
dλ dxdz =
= −
ν2∫
ν1
∫
D
{λϕxx − (1− λ)ϕzz }χ(x, z;λ)σ(λ)dxdz dλ =
= −
ν2∫
ν1
∫
P (λ)
{λϕxx − (1− λ)ϕzz }σ(λ)dxdz dλ = 0
(see the proof of Theorem 2.2). It is clear that Ξ = 0 for arbitrary ν1, ν2 ∈ (12 , 45) too.
Therefore there exist a function h ∈ H10 (D) such that Ψ(λ) = Eλh, where Eλ is the
resolution of the identity for A. As for each fixed t > 0 every solution of the type (27)
can be presented in the form
ψ(x, z, t;λ∗, λ∗∗) = Ψ(x, z; σ; λ∗∗)−Ψ(x, z; σ; λ∗),
with some appropriate σ, then the statement of the theorem follows from the condition
immediately. 
Proposition 3.6. Denote by Hc the closure of the linear span of all functions of the
form (36) in H10 (D). The spectrum of the operator A is absolutely continuous on Hc:
σ(A|Hc) = σac(A|Hc).
Proof. We have to prove the absolute continuity of the function ‖Ψ(λ)‖21. For λ∗ ≤ λ ≤
λ∗∗, we have:
‖Ψ(λ)‖21 = ‖Υ(x, z; σ;λ∗, λ)‖21,
(see (22)). Denote by Di(λ) the domains corresponding to the decomposition of D by
S(λ∗) and S(λ), i = 1, ..., 13. The properties of the function Υ described in the proof of
Theorem 2.1 allow us to assert that
‖Υ(x, z; σ;λ∗, λ)‖21 =
∫
D
|∇(Υ(x, z; σ;λ∗, λ))|2 dxdz =
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=
∫
D1(λ)
|∇(G(λ1)−G(λ4))|2 dxdz +
∫
D2(λ)
|∇(G(λ1)−G(λ2))|2 dxdz
+
∫
D3(λ)
|∇(G(λ3)−G(λ2))|2 dxdz +
∫
D4(λ)
|∇(G(λ3)−G(λ4))|2 dxdz
+
8∑
i=5
∫
Di(λ)
|∇(G(λi−4))|2 dxdz.
Here the integrands are smooth and they do not depend on λ, and all boundaries ∂Di(λ)
smoothly depend on λ. Thus the function ‖Ψ(λ)‖21 is not only absolute continuous but
smooth. 
The explicit form of the obtained inertial waves makes it possible to get animated
graphics of the stream function, of the velocity field of the fluid, of the energy density
function, etc. (See Appendix)
4. Energy properties of the solutions ψ(x, z, t;λ∗, λ∗∗) and U(x, z, t;λ∗, λ∗∗).
All subdomains ofD that will be considered below are supposed to be Lipschitz domains
(see definition in [20], p. 34).
Definition 4.1. Suppose that a domain Ω0 ⊂ D. If a solution of the system (5–8) is such
that for any subdomain Ω1 ⊂ Ω0 the amount of kinetic energy in Ω1
(38) E(t; Ω1) :=
∫
Ω1
(|u|2 + |v|2 + |w|2) dxdz = const
(does not depend on time), then we say that the solution has the property S in Ω0.
7
It is clear that each inertial mode has the property S in the whole domain D.
Definition 4.2. If for a solution of (5–8) in the domain D there exists a subdomain Ω
such that the amount of kinetic energy in Ω is not constant, then this solution is called a
progressive inertial wave.
Theorem 4.3. The solution U(x, z, t;λ∗, λ∗∗) has the property S in the domain
13⋃
i=5
Di.
Proof. It is sufficient to prove that this solution has the property S in the domains Di,
i = 5, ..., 8. Consider, for example, the amount of kinetic energy corresponding to some
domain Ω5 ⊂ D5:
(39) E(t; Ω5) =
∫
Ω5
(
u2 + v2 + w2
)
dxdz.
Denote
(40) Λ := uut + vvt + wwt.
7 Perhaps it would be logical to call it “standing wave in the domain Ω0”, but this term, alas, is already
used.
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We now show that Λ ≡ 0 in D5. Consider the primitive function
F (λ, t) :=
∫ λ
λ∗
σ0(µ) cos(
√
µ t) dµ.
Then in the domain D5
u = −(F (λ1, t)− F (λ∗, t))z = −∂F (λ1, t)∂λ1 · ∂λ1∂z , ut = −∂
2F (λ1, t)
∂t ∂λ1
· ∂λ1
∂z
,
v =
∫ t
0
∂F (λ1, τ)
∂λ1
d τ · ∂λ1
∂z
, vt =
∂F (λ1, t)
∂λ1
· ∂λ1
∂z
,
w =
∂F (λ1, t)
∂λ1
· ∂λ1
∂x
, wt =
∂2F (λ1, t)
∂t ∂λ1
· ∂λ1
∂x
,
(see (34), Theorem 2.2, and Corollary 2.3). We have
∂2F (λ1, t)
∂t ∂λ1
=
(
σ0(λ1) cos(
√
λ1 t)
)
t
= −σ0(λ1)
√
λ1 sin(
√
λ1t),
∫ t
0
∂F (λ1, τ)
∂λ1
d τ =
∫ t
0
σ0(λ1) cos(
√
λ1 τ) d τ =
σ0(λ1)√
λ1
sin(
√
λ1t).
Therefore
(41) Λ =
∂F (λ1, t)
∂λ1
·
√
λ1σ0(λ1) sin(
√
λ1t)
[(
∂λ1
∂z
)2
· 1− λ1
λ1
−
(
∂λ1
∂x
)2]
.
According to the definition of the function λ1(x, z)
z1(x, λ1(x, z)) ≡ z, where z1(x, λ) = 1 + x
a
+
1
a
− a, a2 = λ
1− λ.
Denote
M(x, z, a) := az − x− a− 1 + a2.
Using the implicit function theorem we have
ax = −
∂M
∂x
∂M
∂a
= − −1
z − 1 + 2a, az = −
∂M
∂z
∂M
∂a
= − a
z − 1 + 2a.
As
∂λ
∂a
=
2a
(1 + a2)2
,
we get
∂λ1
∂x
=
∂λ1
∂a
∂a
∂x
=
2a
(1 + a2)2
· 1
z − 1 + 2a
∣∣∣∣
λ=λ1
,
∂λ1
∂z
=
∂λ1
∂a
∂a
∂z
=
2a
(1 + a2)2
· −a
z − 1 + 2a
∣∣∣∣
λ=λ1
.
Therefore, the expression in square brackets in (41) is equal to zero; respectively Λ ≡ 0
in D5; and the amount E(t; Ω5) of kinetic energy in Ω5 does not depend on time. 
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Theorem 4.4.
(42) E(t;
4⋃
i=1
Di) =
4∑
i=1
∫
Di
(|u|2 + |v|2 + |w|2) dxdz = const.
Proof. The statement immediately follows from the energy conservation law (14) and
Theorem 4.3. 
However, it is easy to establish that within the domains Di, i = 1, 2, 3, 4, the amount of
the kinetic energy is not constant. Thus, the inertial wave U(x, z, t;λ∗, λ∗∗) is progressive.
It “pumps” energy from Di toDj , when i, j = 1, 2, 3, 4, i 6= j, but in other areas it behaves
like a standing wave.
Remark 4.5. For all t > 0 the energy density function is piecewise smooth in D with
respect to spatial variables, and there is no point in D in which it tends to infinity as
t→∞.
5. Discussion: which wave attractors do exist in the trapezoid?
As it was mentioned above, papers of many authors studying inertial waves are devoted
to the emergence of wave attractors. But what are wave attractors? A rigorous definition
of a wave attractor does not exist until now, but from many recent papers in Geophysics
and Astrophysics it becomes clear that the researchers mean that in the points of a wave
attractor the energy density of a fluid tends to infinity (in some sense) as time goes to
infinity.
It follows from [37] that for the considered above trapezoid D (see (15)) there is no
inertial mode corresponding to the frequency interval λ ∈ (0, 1
2
). Most likely that for the
Figure 8. a) In this triangle, the vertex (1, 0) is a point wave attractor
(see [38]). b) In the trapezoid D, the vertex (1, 0) is a possible point wave
attractor.
trapezoid D, it is possible to construct a class of inertial waves, whose energy in process
of time will be concentrated in an arbitrarily small neighborhood of the vertex (1, 0) (see
Figure 8b)), as it was done in the case of the triangle domain in [38]. Therefore, with a
high degree of certainty, we may claim that the vertex (1, 0) is a point wave attractor (of
course, this fact requires a careful mathematical proof).
Now suppose λ ∈ (1
2
, 4
5
). There are a lot of papers in Geophysics where the existence of
wave attractors of the form S(λ) in the trapezoid D is claimed or is considered as a proven
fact (see, e.g., [23, 24, 35, 27, 28, 25, 17, 36, 15, 14, 9, 10, 13, 19, 21, 26, 16, 18, 33, 8, 4]).
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Alas, our opinion differs from the opinion of these authors. Namely, we are convinced
that as a result of their experiments the researchers observed the oscillations of the fluid
corresponding to the solutions of the described above type for some close to each other
values λ∗ and λ∗∗ (see, for example, Figure 9). As it was shown above (Remarks 3.2,
4.5), these solutions certainly do not create attractors.
Figure 9. One can compare our field-plots of [u, w] at different moments
of time (see a)) with the velocity field in a stratified fluid in some moment
(see b)) that was computed on the base of experimental measurements made
by Particle Image Velocimetry in [17] (the original Figure 3a in [17]).
Of course, the question on the existence of inertial waves that can concentrate their
energy in an arbitrarily small neighborhood of S(λ) currently remains open, because to
deny them one must investigate some special properties of the constructed above class of
solutions, for example, their completeness in certain spaces of functions, etc., but these
issues are complex and unlikely to be resolved soon.
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Appendix A. Some graphs
The basic properties of the obtained solutions of (5–8) were described above, but tak-
ing into account that these solutions are not almost-periodic functions, their particular
properties are also very interesting and should be studied much more carefully. Here we
present only a few simple graphs of these functions at certain times8. We set
λ∗ = 0.65, λ∗∗ = 0.7
and choose the function presented at the Figure 4 as the solution ψ(x, z, t); the other
graphs correspond to this solution too. The graphs of the function ψ(x, z, t) for small
values of t (up to 25) and for sufficiently large t (up to 2500) are presented separately.
This allows to notice a substantial difference in the behavior of the function in these
two cases. Although we obtained the solutions of the linearized system of equations, the
study of their behavior should shed light on the formation of turbulent flows in containers
having the described above configuration: as it can be seen from the graphs, the large-scale
oscillations of the rotating fluid are converted to the vortex motions, the scale of which
decreases when t → ∞; respectively, the energy of the initial large-scale perturbation
is redistributed among the micro-scale spatial fluctuations which is typical for turbulent
flows.
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